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1. Introduction
Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖, and let C be a nonempty closed convex subset of H .
We denote the weak convergence and the strong convergence of a sequence {xn} to x in H by notations xn ⇀ x and xn → x,
respectively. For a given sequence xn ⊂ H , ωw(xn) denotes the weak ω-limit set of {xn}, that is, ωw(xn) := {x ∈ H : xnj ⇀ x
for some subsequence {nj} of {n}}.
Let F be a bifunction of C × C into R, where R is the set of real numbers. The equilibrium problem for F : C × C → R is
to find x ∈ C such that
F(x, y) ≥ 0, ∀y ∈ C . (1.1)
The set of solutions of (1.1) is denoted by EP(F), that is,
EP(F) = {x ∈ C : F(x, y) ≥ 0, ∀y ∈ C} .
Given a mapping S : C → H , let F(x, y) = 〈Sx, y − x〉 for all x, y ∈ C . Then, z ∈ EP(F) if and only if 〈Sz, y − z〉 ≥ 0 for all
y ∈ C , that is, z is a solution of the variational inequality. The formulation (1.1) covers monotone inclusion problems, saddle
point problems, minimization problems, optimization problems, variational inequality problems, and Nash equilibria in
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noncooperative games. Recently, many authors studied the problem of finding a common element of the set of fixed points
of a nonexpansivemapping and the set of solutions of an equilibriumproblem in the framework of Hilbert spaces and Banach
spaces, respectively; see, for instance, [1–12] and the references therein. In 2005, Combettes and Hirstoaga [13] introduced
an iterative scheme of finding the best approximation to the initial data when EP(F) is nonempty and they also proved a
strong convergence theorem.
Recall that a mapping S : C → C is said to be nonexpansive if
‖Sx− Sy‖ ≤ ‖x− y‖, ∀x, y ∈ C .
In the sequel, we will use F(S) to denote the set of fixed points of S; that is, F(S) = {x ∈ C : Sx = x}. It is well known that
if C ⊂ H is nonempty, bounded, closed and convex and S is a nonexpansive self-mapping on C , then F(S) is nonempty;
see, for example, [14,15]. The mapping S : C → C is called a ξ -strict pseudo-contraction mapping if there exists a constant
0 ≤ ξ < 1 such that
‖Sx− Sy‖2 ≤ ‖x− y‖2 + ξ‖(I − S)x− (I − S)y‖2, ∀x, y ∈ C . (1.2)
Recall also that S : C → C is said to be a ξ -quasi-strict pseudo-contraction if the set of fixed point of S, F(S), is nonempty and
if there exists a constant 0 ≤ ξ ≤ 1 such that
‖Sx− p‖2 ≤ ‖x− p‖2 + ξ‖x− Sx‖2, ∀x ∈ C and p ∈ F(S). (1.3)
We know that the class of strict pseudo-contraction mappings strictly includes the class of nonexpansive mappings. That is,
S is nonexpansive if and only if S is 0-strict pseudo-contraction.
In 1953, Mann [16] introduced the following iterative scheme:
xn+1 = αnxn + (1− αn)Sxn, (1.4)
where the initial guess element x0 ∈ C is arbitrary and {αn} is a real sequence in [0, 1]. The Mann’s iteration has been
extensively investigated for nonexpansive mappings. One of the fundamental convergence results is proved in [17]. In an
infinite-dimensional Hilbert space, the Mann’s iteration can conclude only weak convergence [18]. In 1967, Browder and
Petryshyn [19] established the first convergence result for a ξ -strict pseudo-contraction in a real Hilbert space. They proved a
weak and strong convergence theorem by using iteration (1.4) with a constant control sequence {αn} = α for all n. However,
this scheme has only weak convergence even in a Hilbert space. Therefore, many authors try to modify the normal Mann’s
iteration process to have strong convergence; see, for example, [20–24] and the references therein.
Some attempts tomodify theMann iterationmethod so that strong convergence is guaranteed have recently beenmade.
In 2003, Nakajo and Takahashi [23] proposed the following modification of the Mann iteration method (1.4) by using the
hybrid projection method for a nonexpansive mapping S in a Hilbert space H:
x0 ∈ C is arbitrary,
yn = αnxn + (1− αn)Sxn,
Cn = {z ∈ C : ‖yn − z‖ ≤ ‖xn − z‖} ,
Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0} ,
xn+1 = PCn∩Qnx0,
(1.5)
for every n ∈ N ∪ {0}, where PC denotes the metric projection from H onto a closed convex subset C of H . They proved that
if the sequence {αn} bounded above from one, then {xn} defined by (1.5) converges strongly to PF(S)x0.
In 2007, Takahashi et al. [25] proved the following strong convergence theorem for a nonexpansive mapping by using
the shrinking projection method in mathematical programming. For C1 = C and x1 = PC1x0, they defined a sequence as
follows:{yn = αnxn + (1− αn)Sxn,
Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖xn − z‖} ,
xn+1 = PCn+1x0,
(1.6)
for every n ∈ N, where 0 ≤ αn < a < 1. They proved that the sequence {xn} generated by (1.6) converges weakly to
z ∈ F(S), where z = PF(S)x0.
In 2007, Marino and Xu [26] proved the following strong convergence theorem by using the hybrid projection method
(CQ method) for a strict pseudo-contraction. For x0 ∈ C , they defined a sequence as follows:
yn = αnxn + (1− αn)Sxn,
Cn =
{
z ∈ C : ‖yn − z‖2 ≤ ‖xn − z‖2 + (1− αn)(ξ − αn)‖xn − Sxn‖2
}
,
Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0} ,
xn+1 = PCn+1x0,
(1.7)
for every n ∈ N ∪ {0}, where 0 < αn < 1. They obtained a strong convergence theorem for a ξ -strict pseudo-contraction
mapping in a real Hilbert space.
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On the other hand, for finding an element of EP(F) ∩ F(S), Tada and Takahashi [27] introduced the following iterative
scheme by using the hybrid projection method for a nonexpansive mapping in a Hilbert space: x0 = x ∈ H and let
un ∈ C such that F(un, y)+ 1rn 〈y− un, un − xn〉 ≥ 0, ∀y ∈ C,
wn = (1− αn)xn + αnSun,
Cn = {z ∈ H : ‖wn − z‖ ≤ ‖xn − z‖} ,
Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0} ,
xn+1 = PCn∩Qnx0,
(1.8)
for every n ∈ N ∪ {0}, where {αn} ⊂ [a, b] for some a, b ∈ (0, 1) and {rn} ⊂ (0,∞) satisfies lim infn→∞ rn > 0. Then, they
proved {xn} and {un} converge strongly to z ∈ F(S) ∩ EP(F), where z = PF(S)∩EP(F)x0.
In 2009, Ceng et al. [3] introduced the following iterative scheme for a ξ -strict pseudo-contraction mapping in a Hilbert
space: x1 = x ∈ H{
un ∈ C such that F(un, y)+ 1rn 〈y− un, un − xn〉 ≥ 0, ∀y ∈ C,
yn = αnxn + (1− αn)Sun,
(1.9)
for every n ∈ N, where αn ⊂ [a, b] for some a, b ∈ (ξ , 1) and {rn} ⊂ (0,∞) satisfies lim infn→∞ rn > 0. Further, they
proved {xn} and {un} generated by (1.9) converge weakly to z ∈ F(S) ∩ EP(F), where z = PF(S)∩EP(F)x.
Question 1. Can we extend the Mann’s iteration in (1.8) to a more general class of strict pseudo-contraction mappings?
Question 2. Can we extend and modify the Mann’s iterative algorithm (1.9) for finding a common element of the set of
solutions of (1.1) and the set of fixed points to strong convergence theorems?
Motivated and inspired by the above-mentioned results, it is the purpose of this paper to introduce the Mann iteration
process for finding a common element of the set of solutions of an equilibrium problem and the set of fixed points of a
ξ -strict pseudo-contractionmapping in Hilbert spaces by using the hybrid projectionmethods. Furthermore, we obtain two
new strong convergence theorems under mild assumptions on parameters. The results obtained in this paper extend and
improve several recent results in this area.
2. Preliminaries
Let H be a real Hilbert space and let C be a nonempty closed convex subset of H . For every point x ∈ H , there exists a
unique nearest point in C , denoted by PCx such that
‖x− PCx‖ ≤ ‖x− y‖, ∀y ∈ C .
PC is called themetric projection of H onto C . It is well known that PC is a nonexpansive mapping of H onto C and satisfies
〈x− y, PCx− PCy〉 ≥ ‖PCx− PCy‖2,
for every x, y ∈ H . Moreover, PCx is characterized by the following properties: PCx ∈ C and
〈x− PCx, y− PCx〉 ≤ 0,
‖x− y‖2 ≥ ‖x− PCx‖2 + ‖y− PCx‖2,
for all x ∈ H, y ∈ C .
Lemma 2.1 ([26]). Let C be a nonempty closed convex subset of a real Hilbert space H. Given x ∈ H and z ∈ C. Then,
z = PCx⇐⇒ 〈x− z, z − y〉 ≥ 0, ∀y ∈ C .
Lemma 2.2 ([26]). Let H be a real Hilbert space. There hold the following identities (which will be used in the various places in
the proof of the result)
(1) ‖x− y‖2 = ‖x‖2 − ‖y‖2 − 2〈x− y, y〉, ∀x, y ∈ H;
(2) ‖tx+ (1− t)y‖2 = t‖x‖2 + (1− t)‖y‖2 − t(1− t)‖x− y‖2, ∀t ∈ [0, 1], ∀x, y ∈ H;
(3) If {xn} is a sequence in H weakly convergent to z, then
lim sup
n→∞
‖xn − y‖2 = lim sup
n→∞
‖xn − z‖2 + ‖z − y‖2, ∀y ∈ H.
Lemma 2.3 ([22]). Let H be a real Hilbert space. Given a closed convex subset C ⊂ H and point x, y, z ∈ H. Given also a real
number a ∈ R, the set{
v ∈ C : ‖y− v‖2 ≤ ‖x− v‖2 + 〈z, v〉 + a} ,
is convex and closed.
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Lemma 2.4 ([28]). Let C be a closed convex subset of H. Let {xn} be a bounded sequence in H. Assume that
(1) the weak ω-limit set ωw(xn) ⊂ C,
(2) for each z ∈ C, limn→∞ ‖xn − z‖ exists.
Then {xn} is weakly convergent to a point in C.
Lemma 2.5 ([22]). Let C be a closed convex subset of H. Let {xn} be a sequence in H and u ∈ H. Let q = PCu. If {xn} isωw(xn) ⊂ C
and satisfies the condition ‖xn − u‖ ≤ ‖u− q‖ for all n. Then xn → q.
Lemma 2.6 ([26]). Assume that C is a closed convex subset of Hilbert space H, and let S : C → C be a self-mapping of C.
(i) If S is a ξ -strict pseudo-contraction, then S satisfies the Lipschitz condition
‖Sx− Sy‖ ≤ 1+ ξ
1− ξ ‖x− y‖ ∀x, y ∈ C .
(ii) If S is a ξ -strict pseudo-contraction, then the mapping I − S is demiclosed (at 0). That is, if {xn} is a sequence in C such that
xn ⇀ z and (I − S)xn → 0, then (I − S)z = 0.
(iii) If S is a ξ -quasi-strict pseudo-contraction, then the fixed point set F(S) of S is closed and convex so that the projection PF(S)
is well defined.
For solving the equilibriumproblem for a bifunction F : C×C → R, let us assume that F satisfies the following conditions:
(A1) F(x, x) = 0 for all x ∈ C;
(A2) F is monotone, i.e., F(x, y)+ F(y, x) ≤ 0 for all x, y ∈ C;
(A3) for each x, y, z ∈ C , limt↓0 F(tz + (1− t)x, y) ≤ F(x, y);
(A4) for each x ∈ C, y 7→ F(x, y) is convex and lower semicontinuous.
The following lemma appears implicitly in [1].
Lemma 2.7 ([1]). Let C be a nonempty closed convex subset of H and let F be a bifunction of C × C into R satisfying (A1)–(A4).
Let r > 0 and x ∈ H. Then, there exists z ∈ C such that
F(z, y)+ 1
r
〈y− z, z − x〉 ≥ 0, ∀y ∈ C .
The following lemma was also given in [13].
Lemma 2.8 ([13]). Assume that F : C × C → R satisfies (A1)–(A4). For r > 0 and x ∈ H, define a mapping Tr : H → C as
follows:
Tr(x) =
{
z ∈ C : F(z, y)+ 1
r
〈y− z, z − x〉 ≥ 0, ∀y ∈ C
}
for all z ∈ H. Then, the following hold:
(1) Tr is single-valued;
(2) Tr is firmly nonexpansive; i.e., for any x, y ∈ H,
‖Trx− Try‖2 ≤ 〈Trx− Try, x− y〉;
(3) F(Tr) = EP(F);
(4) EP(F) is closed and convex.
3. Strong convergence theorems
3.1. The shrinking projection method
In this section, wewill use the shrinking projectionmethod to prove a strong convergence theorem for finding a common
element of the set of solutions of the equilibrium problem (1.1) and the set of fixed points of a ξ -strict pseudo-contraction
mapping in Hilbert spaces.
Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a bifunction from C × C into R
satisfying (A1)–(A4) and let S be a ξ -strict pseudo-contraction mapping for some 0 ≤ ξ < 1 such that F(S) ∩ EP(F) 6= ∅. Let
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{xn} and {un} be sequences generated by x0 ∈ H, C1 = C, x1 = PC1x0 and let
un ∈ C such that F(un, y)+ 1rn 〈y− un, un − xn〉 ≥ 0, ∀y ∈ C,
yn = αnun + (1− αn)Sun,
Cn+1 =
{
z ∈ Cn : ‖yn − z‖2 ≤ ‖xn − z‖2
}
,
xn+1 = PCn+1x0,
(3.1)
for every n ∈ N, where {αn} ⊂ [α, β] for some α, β ∈ [ ξ, 1), and {rn} ⊂ (0,∞) satisfies lim infn→∞ rn > 0. Then, the sequence
{xn} converges strongly to PF(S)∩EP(F)x0.
Proof. For any p ∈ F(S) ∩ EP(F). From the definition of Tr , we note that un = Trnxn. It follows that
‖un − p‖ = ‖Trnxn − Trnp‖ ≤ ‖xn − p‖.
Next, we divide the proof of Theorem 3.1 into four steps.
Step 1. We show that F(S) ∩ EP(F) ⊂ Cn for every n ∈ N.
This can be proved by induction on n ∈ N. In fact, for n = 1, we have C = C1. It is obvious that F(S) ∩ EP(F) ⊂ C = C1.
Suppose that F(S) ∩ EP(F) ⊂ Ck for some k ∈ N. Hence, for p ∈ F(S) ∩ EP(F) ⊂ Ck and Lemma 2.2, we have
‖yk − p‖2 = ‖αk(uk − p)+ (1− αk)(Suk − p)‖2
= αk‖uk − p‖2 + (1− αk)‖Suk − p‖2 − αk(1− αk)‖uk − Suk‖2
≤ αk‖uk − p‖2 + (1− αk)
{‖uk − p‖2 + ξ‖uk − Suk‖2}− αk(1− αk)‖uk − Suk‖2
= ‖uk − p‖2 + (1− αk)(ξ − αk)‖uk − Suk‖2
= ‖uk − p‖2 − (1− αk)(αk − ξ)‖uk − Suk‖2 (3.2)
≤ ‖uk − p‖2 ≤ ‖xk − p‖2
and hence p ∈ Ck+1 as required. This implies that
F(S) ∩ EP(F) ⊂ Cn, for each n ∈ N.
Step 2. We show that Cn is closed and convex for every n ∈ N.
By the assumptions, we see that C1 = C is closed and convex. Assume that Ck is closed and convex for some k ∈ N. Next,
we show that Ck+1 is closed and convex. For any p ∈ Ck, we obtain
‖yk − p‖2 ≤ ‖xk − p‖2
is equivalent to
‖yk − xk‖2 + 2〈yk − xk, xk − p〉 ≤ 0. (3.3)
Thus Ck+1 is closed and convex. Then, Cn is closed and convex for every n ∈ N. By Lemma 2.7, this implies that {xn} is
well-defined.
Step 3. We show that limn→∞ ‖xn+1 − xn‖ = 0 and limn→∞ ‖un − Sun‖ = 0.
Indeed, from xn = PCnx0, one has
〈x0 − xn, xn − y〉 ≥ 0
for each y ∈ Cn. Since F(S) ∩ EP(F) ⊂ Cn, we also have
〈x0 − xn, xn − p〉 ≥ 0, ∀p ∈ F(S) ∩ EP(F) and n ∈ N.
For any p ∈ F(S) ∩ EP(F), we obtain
0 ≤ 〈x0 − xn, xn − p〉
= 〈x0 − xn, xn − x0 + x0 − p〉
= −〈x0 − xn, x0 − xn〉 + 〈x0 − xn, x0 − p〉
≤ −‖x0 − xn‖2 + ‖x0 − xn‖‖x0 − p‖,
which implies that
‖x0 − xn‖ ≤ ‖x0 − p‖, ∀p ∈ F(S) ∩ EP(F) and n ∈ N. (3.4)
From xn = PCnx0, and xn+1 = PCn+1x0 ∈ Cn+1 ⊂ Cn, we obtain
〈x0 − xn, xn − xn+1〉 ≥ 0. (3.5)
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From (3.5), we have
0 ≤ 〈x0 − xn, xn − xn+1〉
= 〈x0 − xn, xn − x0 + x0 − xn+1〉
= −〈x0 − xn, x0 − xn〉 + 〈x0 − xn, x0 − xn+1〉
≤ −‖x0 − xn‖2 + ‖x0 − xn‖‖x0 − xn+1‖.
It follows that
‖x0 − xn‖ ≤ ‖x0 − xn+1‖.
Thus the sequence {‖xn − x0‖} is a bounded and nonincreasing sequence, so limn→∞ ‖xn − x0‖ exists, that is, there exists a
constantm ∈ R such that
m = lim
n→∞ ‖xn − x0‖. (3.6)
From (3.5), we get
‖xn − xn+1‖2 = ‖xn − x0 + x0 − xn+1‖2
= ‖xn − x0‖2 + 2〈xn − x0, x0 − xn+1〉 + ‖x0 − xn+1‖2
= ‖xn − x0‖2 + 2〈xn − x0, x0 − xn + xn − xn+1〉 + ‖x0 − xn+1‖2
= ‖xn − x0‖2 − 2〈xn − x0, xn − x0〉 + 2〈xn − x0, xn − xn+1〉 + ‖x0 − xn+1‖2
= −‖xn − x0‖2 + 2〈xn − x0, xn − xn+1〉 + ‖x0 − xn+1‖2
≤ −‖xn − x0‖2 + ‖x0 − xn+1‖2.
By (3.6), we obtain
lim
n→∞ ‖xn − xn+1‖ = 0, (3.7)
On the other hand, xn+1 = PCn+1 ∈ Cn+1 ⊂ Cn, which implies that
‖xn+1 − yn‖ ≤ ‖xn+1 − xn‖.
Furthermore, we also obtain
‖yn − xn‖ ≤ ‖yn − xn+1‖ + ‖xn+1 − xn‖
≤ ‖xn+1 − xn‖ + ‖xn+1 − xn‖
= 2‖xn+1 − xn‖.
In view of (3.7), we obtain
lim
n→∞ ‖yn − xn‖ = 0. (3.8)
For p ∈ F(S) ∩ EP(F), note that Tr is firmly nonexpansive (Lemma 2.8), then we see that
‖un − p‖2 = ‖Trnxn − Trnp‖2
≤ 〈Trnxn − Trnp, xn − p〉
= 〈un − p, xn − p〉
= 1
2
(‖un − p‖2 + ‖xn − p‖2 − ‖xn − un‖2) ,
and hence
‖un − p‖2 ≤ ‖xn − p‖2 − ‖xn − un‖2.
In view of (3.2), we obtain
‖yn − p‖2 ≤ ‖un − p‖2
≤ ‖xn − p‖2 − ‖xn − un‖2.
It follows that
‖xn − un‖2 ≤ ‖xn − p‖2 − ‖yn − p‖2
= (‖xn − p‖ − ‖yn − p‖) (‖xn − p‖ + ‖yn − p‖)
≤ ‖xn − yn‖ (‖xn − p‖ + ‖yn − p‖) .
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From (3.8), we arrive at
lim
n→∞ ‖xn − un‖ = 0. (3.9)
Since lim infn→∞ rn > 0, we obtain
lim
n→∞
∥∥∥∥xn − unrn
∥∥∥∥ = limn→∞ 1rn ‖xn − un‖ = 0. (3.10)
Using (3.2) again, we have
‖yn − p‖2 ≤ ‖un − p‖2 − (1− αn)(αn − ξ)‖un − Sun‖2
≤ ‖xn − p‖2 − (1− αn)(αn − ξ)‖un − Sun‖2.
It follows that
(1− β)(α − ξ)‖un − Sun‖2 ≤ (1− αn)(αn − ξ)‖un − Sun‖2
≤ ‖xn − p‖2 − ‖yn − p‖2
≤ ‖xn − yn‖ (‖xn − p‖ + ‖yn − p‖) .
From the assumption ξ ≤ α ≤ αn ≤ β < 1 and (3.8), we obtain that
lim
n→∞ ‖un − Sun‖ = 0. (3.11)
Step 4. We show that ωw(xn) ⊂ F(S) ∩ EP(F) and xn → p = PF(S)∩EP(F)x0 as n→∞.
Since {xn} is bounded andH is reflexive,ωw(xn) is nonempty. Let z ∈ ωw(xn) be an arbitrary element. Then, there exists a
subsequence {xni} of {xn}which converges weakly to z. From ‖xn−un‖ → 0, we obtain also that uni ⇀ z. Since uni ⊂ C and
C is closed and convex, we obtain z ∈ C . From (3.11) we obtain Suni ⇀ z. First, we show that z ∈ EP(F). Since un = Trnxn,
we have
F(un, y)+ 1rn 〈y− un, un − xn〉 ≥ 0, ∀y ∈ C .
It follows from the condition (A2), and we see that
1
rn
〈y− un, un − xn〉 ≥ −F(un, y) ≥ F(y, un),
and hence〈
y− uni ,
uni − xni
rni
〉
≥ F(y, uni).
Since
uni−xni
rni
→ 0 and uni ⇀ z, it follows by (A4) that F(y, z) ≤ 0 for all y ∈ C . For t with 0 < t ≤ 1 and y ∈ C , let
yt = ty+ (1− t)z. Since y ∈ C and z ∈ C , we have yt ∈ C and hence F(yt , z) ≤ 0. So, from (A1) and (A4) we have
0 = F(yt , yt) ≤ tF(yt , y)+ (1− t)F(yt , z) ≤ tF(yt , y)
and hence F(yt , y) ≥ 0. From (A3), we have F(z, y) ≥ 0 for all y ∈ C and hence z ∈ EP(F).
Next, we show that z ∈ F(S). Assume z 6∈ F(S), since S is a ξ -strict pseudo-contraction mapping, by Lemma 2.6(2) we
know that the mapping I − S is demiclosed at zero. From ‖Sun − un‖ → 0 and uni ⇀ z. Thus, we obtain z ∈ F(S). The
conclusion z ∈ F(S) ∩ EP(F) is proved. Since z was an arbitrary element, we conclude that ωw(xn) ⊂ F(S) ∩ EP(F). By
inequality (3.4) and Lemma 2.5 ensure that the convergence of {xn} to p = PF(S)∩EP(F)x0. This completes the proof. 
Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H and let F be a bifunction from C × C into R
satisfying (A1)–(A4) such that EP(F) 6= ∅. Let {xn} and {un} be sequences generated by x0 ∈ H, C1 = C, x1 = PC1x0 and let
un ∈ C such that F(un, y)+ 1rn 〈y− un, un − xn〉 ≥ 0, ∀y ∈ C,
Cn+1 =
{
z ∈ Cn : ‖un − z‖2 ≤ ‖xn − z‖2
}
,
xn+1 = PCn+1x0,
for every n ∈ N, where {rn} ⊂ (0,∞) satisfies lim infn→∞ rn > 0. Then, the sequence {xn} converges strongly to PEP(F)x0.
Proof. Putting S = I and αn = 0. Then, we get yn = un in Theorem 3.1, we obtain Corollary 3.2. 
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Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H and let S be a ξ -strict pseudo-contraction
mapping for some 0 ≤ ξ < 1 such that F(S) 6= ∅. Let {xn} and {un} be sequences generated by x0 ∈ H, C1 = C, x1 = PC1x0 and
let 
un ∈ C such that 〈y− un, un − xn〉 ≥ 0, ∀y ∈ C,
yn = αnun + (1− αn)Sun,
Cn+1 =
{
z ∈ Cn : ‖yn − z‖2 ≤ ‖xn − z‖2
}
,
xn+1 = PCn+1x0,
for every n ∈ N, where {αn} ⊂ [α, β] for some α, β ∈ [ξ, 1). Then, the sequence {xn} converges strongly to PF(S)x0.
Proof. Putting F(x, y) = 0 for all x, y ∈ C and rn = 1 in Theorem 3.1, the conclusion follows. 
Corollary 3.4. Let C be a nonempty closed convex subset of a real Hilbert space H and let S be a ξ -strict pseudo-contraction
mapping for some 0 ≤ ξ < 1 such that F(S) 6= ∅. Let {xn} be a sequence generated by x0 ∈ H, C1 = C ∈ H, x1 = PC1x0 and letyn = αnPCxn + (1− αn)SPCxn,Cn+1 = {z ∈ Cn : ‖yn − z‖2 ≤ ‖xn − z‖2} ,xn+1 = PCn+1x0,
for every n ∈ N, where {αn} ⊂ [α, β] for some α, β ∈ [ξ, 1). Then, the sequence {xn} converges strongly to PF(S)x0.
Proof. Putting F(x, y) = 0 for all x, y ∈ C and rn = 1 in Theorem 3.1, by Lemma 2.1 we have un = PCxn. From Theorem 3.1,
the sequence {xn} converges strongly to PF(S)x0. 
Corollary 3.5. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a bifunction from C × C into R
satisfying (A1)–(A4) and let S be a nonexpansive mapping such that F(S)∩EP(F) 6= ∅. Let {xn} and {un} be sequences generated
by x0 ∈ H, C1 = C, x1 = PC1x0 and let
un ∈ C such that F(un, y)+ 1rn 〈y− un, un − xn〉 ≥ 0, ∀y ∈ C,
yn = αnun + (1− αn)Sun,
Cn+1 =
{
z ∈ Cn : ‖yn − z‖2 ≤ ‖xn − z‖2
}
,
xn+1 = PCn+1x0,
for every n ∈ N, where {αn} ⊂ [α, β] for some α, β ∈ [0, 1), and {rn} ⊂ (0,∞) satisfies lim infn→∞ rn > 0. Then, the sequence
{xn} converges strongly to PF(S)∩EP(F)x0.
Proof. Since the class of ξ -strict pseudo-contraction mappings strictly includes the class of nonexpansive mappings with
ξ = 0, the conclusion follows immediately from Theorem 3.1. This completes the proof. 
3.2. The hybrid projection method
In this section, we derive a strong convergence theorem by using the hybrid projection method (some authors call this
the CQmethod) which solves a problem of finding a common element of the set of solutions of the equilibrium problem and
the set of fixed points of a ξ -strict pseudo-contraction mapping in a real Hilbert space.
Theorem 3.6. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a bifunction from C × C into R
satisfying (A1)–(A4) and let S be a ξ -strict pseudo-contraction mapping for some 0 ≤ ξ < 1 such that F(S) ∩ EP(F) 6= ∅. Let
{xn} and {un} be sequences generated by x0 = x ∈ H and let
un ∈ C such that F(un, y)+ 1rn 〈y− un, un − xn〉 ≥ 0, ∀y ∈ C,
yn = αnun + (1− αn)Sun,
Cn =
{
z ∈ C : ‖yn − z‖2 ≤ ‖xn − z‖2
}
,
Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0} ,
xn+1 = PCn∩Qnx0,
(3.12)
for every n ∈ N ∪ {0}, where {αn} ⊂ [α, β] for some α, β ∈ [ξ, 1) and {rn} ⊂ (0,∞) satisfies lim infn→∞ rn > 0. Then, the
sequence {xn} converges strongly to PF(S)∩EP(F)x0.
Proof. From the definition of Cn and Lemma 2.3, we obtain Cn is closed and convex. It is obvious that Qn is closed and convex
for every n ∈ N ∪ {0}. So, Cn ∩ Qn is a closed convex subset of H for every n ∈ N ∪ {0}. Let p ∈ F(S) ∩ EP(F) and let {Trn} be
a sequence of mappings defined as in Lemma 2.8. Then un = Trnxn, we obtain
‖un − p‖ = ‖Trnxn − Trnp‖ ≤ ‖xn − p‖, (3.13)
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for every n ∈ N. For each p ∈ F(S) ∩ EP(F), by (1.3), (3.13) and Lemma 2.2(2), we have
‖yn − p‖2 = ‖αn(un − p)+ (1− αn)(Sun − p)‖2
= αn‖un − p‖2 + (1− αn)‖Sun − p‖2 − αn(1− αn)‖un − Sun‖2
≤ αn‖un − p‖2 + (1− αn)
{‖un − p‖2 + ξ‖un − Sun‖2}− αn(1− αn)‖un − Sun‖2
= ‖un − p‖2 + (1− αn)(ξ − αn)‖un − Sun‖2
= ‖un − p‖2 − (1− αn)(αn − ξ)‖un − Sun‖2
≤ ‖un − p‖2 ≤ ‖xn − p‖2,
for every n ∈ N. This implies that
‖yn − p‖ ≤ ‖un − p‖ ≤ ‖xn − p‖. (3.14)
So, we have p ∈ Cn, and hence
F(S) ∩ EP(F) ⊂ Cn, for all n ∈ N. (3.15)
Next, we show that F(S) ∩ EP(F) ⊂ Cn ∩ Qn for all n ∈ N. We prove this by mathematical induction. For n = 1, we have
F(S) ∩ EP(F) ⊂ C1 and Q1 = H , we get F(S) ∩ EP(F) ⊂ C1 ∩ Q1. Now we assume that F(S) ∩ EP(F) ⊂ Ck ∩ Qk for some
k ∈ N. With it we will show that F(S) ∩ EP(F) ⊂ Ck+1 ∩ Qk+1.
In fact, if F(S) ∩ EP(F) ⊂ Ck ∩ Qk for some k ∈ N. Then, there exists a unique element xk+1 ∈ Ck ∩ Qk such that
xk+1 = PCk∩Qkx0. Then, by Lemma 2.1 and the convexity of Ck ∩ Qk, we obtain
〈xk+1 − z, x0 − xk+1〉 ≥ 0, for each z ∈ Ck ∩ Qk
and hence z ∈ Qk+1. By definition of Qk+1 implies that F(S) ∩ EP(F) ⊂ Qk+1. This together with (3.15) gives
F(S) ∩ EP(F) ⊂ Ck+1 ∩ Qk+1, for all k ∈ N.
This implies that {xn} is well defined. From Lemma 2.7, the sequence {un} is also well defined.
Now, we prove that ‖xn+1 − xn‖ → 0 as n→∞. Since F(S) ∩ EP(F) is a nonempty closed and convex subset of H , then
there exists a unique z∗ ∈ F(S) ∩ EP(F) such that
z∗ = PF(S)∩EP(F)x0.
From xn+1 = PCn∩Qnx0, we have
‖xn+1 − x0‖ ≤ ‖p− x0‖, for all p ∈ F(S) ∩ EP(F) and n ∈ N.
Since z∗ ∈ F(S) ∩ EP(F) ⊂ Cn ∩ Qn, we obtain
‖xn+1 − x0‖ ≤ ‖z∗ − x0‖, for all n ∈ N. (3.16)
Therefore, {xn} is bounded. From (3.14), we know that {un} and {yn} are also bounded. Since xn = PQnx0. Then by xn+1 =
PCn∩Qnx0 we know that xn+1 ∈ Qn, and ‖xn− x0‖ ≤ ‖xn+1− x0‖ for all n ∈ N. Since {xn} is bounded, the sequence {‖xn− x0‖}
is a bounded and nonincreasing. So limn→∞ ‖xn− x0‖ exists. In addition, by Lemma 2.1, xn = PQnx0 and the convexity of Qn,
we get
〈xn+1 − xn, xn − x0〉 ≥ 0 for every n ∈ N. (3.17)
From (3.17) and Lemma 2.2(1), we have
0 ≤ ‖xn+1 − xn‖2 = ‖(xn+1 − x0)− (xn − x0)‖2
= ‖xn+1 − x0‖2 − ‖xn − x0‖2 − 2〈xn+1 − xn, xn − x0〉
≤ ‖xn+1 − x0‖2 − ‖xn − x0‖2.
It follows from the previous inequality and limn→∞ ‖xn − x0‖ exists, we have
lim
n→∞ ‖xn+1 − xn‖ = 0. (3.18)
From Step 3 in the proof of Theorem 3.1, we obtain
lim
n→∞ ‖yn − xn‖ = 0 (3.19)
and
lim
n→∞ ‖un − Sun‖ = 0. (3.20)
As the proof that follows Theorem 3.1 and (3.16) to (3.20), we obtain that the sequence {xn} converges strongly to p =
PF(S)∩EP(F)x0. This completes the proof of Theorem 3.6. 
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Corollary 3.7. Let C be a nonempty closed convex subset of a real Hilbert space H and let F be a bifunction from C × C into R
satisfying (A1)–(A4) such that EP(F) 6= ∅. Let {xn} and {un} be sequences generated by x0 = x ∈ H and let
un ∈ C such that F(un, y)+ 1rn 〈y− un, un − xn〉 ≥ 0, ∀y ∈ C,
Cn =
{
z ∈ C : ‖yn − z‖2 ≤ ‖xn − z‖2
}
,
Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0} ,
xn+1 = PCn∩Qnx0,
for every n ∈ N ∪ {0}, where {rn} ⊂ (0,∞) satisfies lim infn→∞ rn > 0. Then, the sequence {xn} converges strongly to PEP(F)x0.
Proof. Putting S = I and αn = 0 in Theorem 3.6, the conclusion follows. 
Corollary 3.8. Let C be a nonempty closed convex subset of a real Hilbert space H and let S be a ξ -strict pseudo-contraction
mapping for some 0 ≤ ξ < 1 such that F(S) 6= ∅. Let {xn} and {un} be sequences generated by x0 = x ∈ H and let
un ∈ C such that 〈y− un, un − xn〉 ≥ 0, ∀y ∈ C,
yn = αnun + (1− αn)Sun,
Cn =
{
z ∈ C : ‖yn − z‖2 ≤ ‖xn − z‖2
}
,
Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0} ,
xn+1 = PCn∩Qnx0,
for every n ∈ N ∪ {0}, where {αn} ⊂ [α, β] for some α, β ∈ [ξ, 1). Then, the sequence {xn} converges strongly to PF(S)x0.
Proof. Putting F(x, y) = 0 for all x, y ∈ C and rn = 1 in Theorem 3.6. Hence, the conclusion follows. 
Corollary 3.9 (Tada and Takahashi [27]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a bifunction
from C × C into R satisfying (A1)–(A4) and let S be a nonexpansive mapping such that F(S) ∩ EP(F) 6= ∅. Let {xn} and {un} be
sequences generated by x0 = x ∈ H and let
un ∈ C such that F(un, y)+ 1rn 〈y− un, un − xn〉 ≥ 0, ∀y ∈ C,
yn = αnun + (1− αn)Sun,
Cn =
{
z ∈ C : ‖yn − z‖2 ≤ ‖xn − z‖2
}
,
Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0} ,
xn+1 = PCn∩Qnx0,
for all n ∈ N ∪ {0}, where {αn} ⊂ [α, β] for some α, β ∈ [0, 1) and {rn} ⊂ (0,∞) satisfies lim infn→∞ rn > 0. Then, the
sequence {xn} converges strongly to PF(S)∩EP(F)x0.
Proof. Since S is nonexpansive if and only if S is a 0-strict pseudo-contractionmapping, the conclusion follows immediately
from Theorem 3.6. This completes the proof. 
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